New bounds are found for the reliability of consecutive-k-out-of-n:F systems with equal component failure probabilities. The expressions involved are simple, thus allowing a direct use in the derivation of theoretical properties. These bounds can also be employed in numerical computations when the value of n or k is so large that the exact calculation of the reliability is not achievable. Comparisons show that the approximation errors exhibited by these new formulas are lower than those of other widely used bounds.
Introduction
Great attention has been devoted in the reliability literature to the analysis of the consecutive-k-out-of-n:F system, defined as a sequence of n linearly connected components; the system fails if and only if k consecutive components fail. Real-world examples of this configuration can be found in [5] .
Even when the components are independent and identically distributed with the same failure probability q, the exact expression of the reliability R(n, k; q) for a consecutive-k-out-of-n:F system [12, 14] contains a summation of binomial terms; this prevents in most cases its employment for the analysis of theoretical properties. Furthermore, only for (relatively) small values of k, the employment of proper algorithms [4, 10] allows to obtain the quantity R(n, k; q) within a reasonable execution time when n ≤ 1, 000.
A possible way to overcome these problems is to find simple upper and lower bounds which closely approximate the reliability R(n, k; q). Several different approaches have been used to pursue this aim: the study of extremes in random sequences yielded the derivation of asymptotic expressions [8, 13, 15] , whose quality improves when n increases. By using conditional probability arguments Fu [9] and Muselli [16] proposed simple formulas that follow closely R(n, k; q), but can lead to high errors in some domain regions.
The Poisson approximation of R(n, k; q), obtained through the application of the Stein-Chen method [1, 3, 6] , provides another promising approach [11, 20] . Nevertheless, its closeness to the real behavior of R(n, k; q) can be poor when k and n assume finite values [5] . The compound version of the Poisson approximation tries to eliminate some of its intrinsic drawbacks, but the resulting expressions are complex, thus preventing a direct use in mathematical computations [2] .
In this paper new simple bounds for R(n, k; q) when k ≥ q/(1 − q) are obtained by following an analytic procedure (Section 2). As shown in Section 3 the corresponding approximation error is smaller than that of other available formulas. It is important to observe that the condition k ≥ q/(1 − q) is equivalent to q ≤ k/(k + 1), used in [19] . If the failure probability q is not greater than 0.5 (as it normally happens in a consecutive-k-out-of-n:F system), this inequality is always verified.
2. Bounds for the reliability of a consecutive-k-out-of-n:F system
The reliability R(n, k; q) of a consecutive-k-out-of-n:F system with equal failure probability q for all its components can be exactly computed by employing the following formula [12, 14] 
where p = 1 − q is the complementary success probability. However, the execution time needed to apply (1) increases quickly with n and k. The computational burden can be reduced by using the alternative equation [4, 10] 
where t denotes the transpose and M is the transition matrix
A simple combinatorial analysis yields the following bounds for the quantity R(n, k; q) [16] (
that hold for every n ≥ k ≥ 1 and 0 ≤ q ≤ 1. Both these expressions can be written in the form
where the choices h = 1 and h = k yields the lower and the upper bound of (3), respectively. As one can note, these values of h are integer and depend at most on k.
By generalizing this observation we want to find two real functions h
for every n ≥ k ≥ 1 and 0 < q < 1. It can be easily seen that if h L satisfies the first inequality in (4), every positive h < h L leads to a correct lower bound. In the same way if h U satisfies the second inequality, every h > h U yields an upper bound for R(n, k; q).
A simple expression for the real function h
whereas a useful behavior for the real function h L = h L (k, q) can be obtained in the hypothesis kp ≥ q. Two lemmas [17] allow to reach the desired result; for the sake of brevity, their proof is not reported here.
Lemma 1 If k is a positive integer and 0
for k > log p / log q, where p = 1 − q. If q > 0.5 and 1 < k < log p / log q the opposite inequalities hold, whereas for k = log p / log q the three terms in (6) are equal.
Lemma 2 If k, n are positive integers with k ≤ n ≤ 2k and 0 < q < 1, then
if k ≥ log p / log q, where p = 1 − q.
Theorem 1 The inequality
is satisfied for every n ≥ k ≥ max(q/p, 1) and
Proof. When q/p ≤ k ≤ log p / log q Lemma 1 ensures that h L (k, q) < 1; thus the lower bound (8) is worse than that of (3) and therefore true. If k > log p / log q the application of Lemma 2 allows to conclude when k ≤ n ≤ 2k.
In order to verify (8) when n > 2k consider the following recursive relation for R(n, k; q) [13] 
and proceed by induction on n. The assertion of the theorem is proved if
By introducing the variable
we obtain the inequality
whose solution in z L allows to obtain possible behaviors for h L (k, q). Now, Lemma 1 ensures that 1 − qz L > 0 when k > log p / log q; the computation of the sum in (11) gives therefore
It can be observed that the left hand side of (12) is the denominator of the generating function of R(n, k; q) [7, 19] ; the analysis of its roots allows to achieve the desired lower bound through definition (10) . Unfortunately, these roots are not known in closed form, so it is necessary to find proper approximations.
Inequality (12) can be written as
for every 0 < x < 1 and α ≥ 1, we obtain that (13) is satisfied if (14) .
It can be easily seen that
consequently, the real functions h U (k, q) and h L (k, q) given by (5) and (9), respectively, converge to the same limit expression 1/p. Furthermore, for k = 1 they lead to the correct value p n for R(n, 1; q). In the hypotheses of Theorem 1, better lower bounds can be obtained by employing the following result.
Theorem 2 If
can be inserted in (8) to obtain a lower bound for R(n, k; q), if 0 < q < 1 and n ≥ k ≥ max(q/p, 1).
Proof. It is sufficient to repeat the proof of Theorem 1 and its lemmas with h L (k, q) given by (15) 
This theorem can be reiterated thus producing a sequence of lower bounds for R(n, k; q) with decreasing error. Other lower bounds which hold for any value of q have been obtained by employing general inequalities for R(n, k; q) [18] ; nevertheless, they perform worse than expressions deriving from Theorems 1 and 2 when k ≥ q/p.
Comparison with other bounds
The quality of the bounds for R(n, k; q) proposed in the previous section has been compared with the best expressions available in the literature [5] :
1. the inequalities of Fu [9] (
2. the formulas deriving from the application of the Stein-Chen method in the version proposed by [2, 3] ν − ε ≤ R(n, k; q) ≤ ν + ε (17) where
They represent the best bounds obtained through the application of the Poisson approximation. As shown in [2] , the employment of the compound Poisson local formulation of the Stein-Chen method is not able to achieve better results.
It has been shown elsewhere [18] that the upper bound of Theorem 1 performs better than the corresponding expression in (16) for any value of n, k, and q. Lemma 1 gives a similar result for the lower bound when k ≥ log p / log q; this constraint is satisfied in every realistic consecutive-k-out-of-n:F system.
We can thus conclude that the bounds presented in this paper are a refinement of inequalities (16) in the domain of interest. A quantitative analysis of the corresponding approximation errors is performed numerically for large n and small q; in these situations the computation of the exact value of R(n, k; q) through equation (2) can require a high execution time. Figures 1 and 2 show plots of the approximation error to R(n, k; q) for n = 1, 000, n = 10, 000, and n = 100, 000. A small value k = 4 has been chosen for the maximum number of consecutive failed components in the consecutive-k-out-of-n:F system, whereas the failure probability q varies in the range (0, 0.2]. The labels in the legend refers to the method used to obtain the corresponding approximation error. In particular 1. "LF" and "UF" refers to bounds (16), 2. "LP" and "UP" refers to bounds (17), 3. "LM" and "UM" refers to bounds given by (9) and (5) (17), (4) with h L given by (9) and (15) for 0 < q ≤ 0.2 and a) n = 1, 000, b) n = 10, 000, and c) n = 100, 000.
As one can note, apart from LP and UP, the quality of the bounds increases with the number n of components in the consecutive-k-out-of-n:F system. The Poisson approximation (17) leads to almost equivalent errors both in the lower and in the upper bound, whereas the performance of inequalities (16) differs significantly in the two cases.
However, in all the situations considered, LM, LM1 and UM achieve an approximation error, which is always lower than that offered by the other two methods. In particular, the application of Theorem 2 (LM1) always improves the lower bound LM, yielding at most errors on the fifth decimal digit. 
